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MEIXNER d-ORTHOGONAL POLYNOMIALS ARISING FROM su(1, 1)
FETHI BOUZEFFOUR, BORHEN HALOUANI AND MUBARIZ T GARAYEV
Abstract. In this work, we introduce a new family of d-orthogonal polynomials of
Meixner type, which are also a special family of multiple orthogonal polynomials. We
show that they are matrix elements of a suitable nonlinear operator related to the Lie
algebra su(1, 1). Also by means of Barut-Girardello coherent states, we establish explic-
itly their principal properties ( recurrence relation, generating function, d-orthogonality
relations, etc).
1. Introduction.
The connection between Lie theory and orthogonal polynomials is now well estab-
lished (see [19, 13]). These polynomials arise as matrix elements of certain operators
in the algebra generators and also as basis vectors of the corresponding representation
spaces. This algebraic setting naturally leads to generating relations, recurrence rela-
tions and orthogonality properties involving the orthogonal polynomials. Here, we shall
illustrate the power of this interpretation by examining the relation between the Lie
algebra su(1, 1) and the d-orthogonal polynomials which are a subclass of multiple or-
thogonal polynomials (see [2, 3]) and they are connected with the solutions of higher
order recurrence relations (see for instance, [1, 4, 10, 12, 13, 14, 15, 20, 21, 22]).
In this paper we consider the three-dimensional Lie algebra su(1, 1), generated by J0,
J−, J+ and the matrix elements of the following element
S = eJ+eQ(J−).
The obtained family of polynomials as matrix elements of the operator S generalizes the
classical Meixner polynomials. Their principal properties such as generating functions,
recurrence relations and difference equation are described explicitly by means of the
Barut-Girardello coherent states see for instance [10, 22].
The paper is organized as follows. In section 2, we remember the definition and same
results concerning d-orthogonal polynomials. In section 3, we develop basic facts about
su(1, 1) algebra and its representation. Also, we define the Barut-Girardello coherent
states and we establish some identities in su(1, 1). In section 4, we introduce an operator
S that shall be studied along with the associated matrix elements which are expressed in
terms of d-OPS. The algebraic approach allows us to derive most of properties such as:
biorthogonality relation, recurrence relation, generating function and lowering operator.
In section 5, we present our main result by studying a family of d-OPS of Meixner type
where we express explicitly a linear functional vector insuring their d-orthogonality by
means of the biorthogonality relation.
2000 Mathematics Subject Classification. 46N50, 81Q99, 12Y99.
Key words and phrases. d-orthogonal polynomials, coherent states, matrix elements, Meixner poly-
nomials, linear functional vector.
1
2 FETHI BOUZEFFOUR, BORHEN HALOUANI AND MUBARIZ T GARAYEV
2. d-orthogonal polynomials.
Let Q be the linear space of polynomials with complex coefficients and let Q′ be its
algebraic dual. We denote by 〈u, f〉 the effect of the linear functional u ∈ Q′ on the
polynomial f ∈ Q. A polynomial sequence {Qn}n≥0 is called a polynomial set if and
only if deg(Qn) = n for all nonnegative integer n.
Van Iseghem and Maroni (see[10, 18]) introduced a natural extension of the notion of
orthogonality, as follows:
Let {Qn}n be a polynomial set in Q and let d be a positive integer. {Qn}n≥0 is called
a d-orthogonal polynomial set (d-OPS for shorter) with respect to the d-dimensional
functional vector
−→
L = (L0,L1, . . . ,Ld−1) if it verifies the following conditions:
〈Li, QmQn〉 = 0, n ≥ md+ i+ 1,
〈Li, QnQnd+i〉 6= 0, n ≥ 0.
For each integer i ∈ {0, 1, . . . , d− 1}.
Note that when d = 1, we meet the well known notion of orthogonality.
Many authors have been intensively studied and developed a numerous explicit exam-
ples of d-orthogonal polynomials and multiple orthogonal polynomials, (see for instance,
[5, 6, 7, 8]).
Recall now that {Qn}n≥0 is d-OPS if and only if it satisfies a recurrence relation of order
d+ 1 of the type (see [18])
(2.0.1) xQn(x) = βn+1Qn+1(x)−
d∑
i=0
αn,iQn−i(x),
where βn+1αn,d 6= 0 and the convention Q−n = 0, n ≥ 1.
Note that the result for d = 1 is reduced to the so-called Favard Theorem.
3. Lie algebra su(1, 1).
The Lie algebra su(1, 1) is the three dimensional Lie algebra, generated by the elements
J0, J−, and J+ that obey the commutation relations
(3.0.1) [J−, J+] = 2J0, [J0, J±] = ±J±,
and the conjugation relations
(3.0.2) J∗0 = J0 and J
∗
± = J∓.
The Casimir operator C is given by
(3.0.3) C = J+J− + J
2
0 − J0.
The classification of the irreducible representations of su(1, 1) are studied by Klimyk [24]
have studied the above generators as operators acting on an infinite dimensional Hilbert
space (see [24]). The positive discrete series representations of su(1, 1) are labeled [8, 20]
by a positive real number β > 0 and are infinite-dimensional. The action of the su(1, 1)
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generators on a set of basis vectors {|n, β〉}∞n=0 is given by
J+|n, β〉 =
√
(n+ 1)(n+ β)|n+ 1, β〉,(3.0.4)
J−|n, β〉 =
√
n(β + n− 1)|n− 1, β〉,(3.0.5)
J0|n, β〉 = (n +
β
2
)|n, β〉.(3.0.6)
The corresponding Hilbert space Hβ is spanned by the orthonormal basis {|n, β〉}
∞
n=0 .
All the vectors |n, β〉 ( with n = 0,1,. . . ) can be obtained from |0, β〉 by acting by powers
of the raising operator J+.
Jn+|0, β〉 =
√
n!(β)n|n, β〉,(3.0.7)
we also have
J i−|n, β〉 =
√
n!(β)n
(n−i)!(β)n−i
|n− i, β〉,(3.0.8)
where we have used the common notation for the Pochhammer symbol
(3.0.9) (a)n = a(a + 1) . . . (a + n− 1), (a)0 = 1.
We consider the coherent states |z, β〉 which is defined for all z ∈ C by
(3.0.10) |z, β〉 =
∞∑
n=0
zn√
n!(β)n
|n, β〉 , z ∈ C.
According to (3.0.7) and (3.0.10) we get
(3.0.11) |z, β〉 = 0F1
(
−
β
; zJ+
)
|0, β〉
where rFs is the hypergeometric function defined by
rFs
(
a1, a2, . . . , ar
b1, b2, . . . , bs
; x
)
:=
∞∑
m=0
(a)m(a2)m · · · (ar)m
(b1)m(b2)m · · · (bs)m
xm
m!
.
Note that the normalized vector |z,β〉
‖|z,β〉‖
coincides with the well-known the Barut-Girardello
coherent states (BGCS), (see for instance [4]) and verifies the resolution of the identity:
(3.0.12)
2
pi
∫
C
| ηz〉〈ηz | Kβ−1(2r) Iβ−1(2r) r dr dθ = I , z = re
iθ ,
where Kν(x) is the modified Bessel function of the second kind.
The BGCS are eigenvalue of the lowering operator J−, i.e
(3.0.13) J−|z, β〉 = z|z, β〉.
More generally, for an entire function F (z) we have
(3.0.14) F (J−)|z, β〉 = F (z)|z, β〉.
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3.1. Some identities in su(1, 1). We denote by U(su(1, 1)) the universal enveloping
algebra for su(1, 1).
Using the relations (3.0.1), we can prove by induction on n that
[J0, J
n
±] = ±nJ±
[Jn−, J+] = 2nJ0J
n−1
− + n(n− 1)J
n−1
− .
It follows from these identities and (3.0.2) that
[Q(J±), J0] = ∓J±Q
′(J−)
[Q(J−), J+] = 2J0Q
′
(J−) + J−Q
′′
(J−).
The preceding and the Baker–Hausdorff formula (see for instance, [23, §2.15])
(3.1.1) eABe−A = B + [A,B] +
1
2!
[A, [A,B]] +
1
3!
[A, [A, [A,B]]] + . . .
lead to the following relations:
eQ(J±)J0e
−Q(J±) = J0 ∓ J±Q
′
(J±),(3.1.2)
e−Q(J−)J+e
Q(J−) = J+ − 2J0Q
′
(J−) + J−(Q
′
(J−)
2 −Q
′′
(J−)).(3.1.3)
4. Matrix elements of an operator and d-orthogonal polynomials.
In this section, we introduce an operator S that shall be studied along with the associ-
ated matrix elements which are expressed in terms of d-OPS. The resulting are reduced
to Meixner polynomials in the particular case d = 1. Also an algebraic approach allows
us to derive some properties : biorthogonality relation, recurrence relation, generating
function and lowering operator.
Let r ≥ 1, d = 2r − 1 positive integers and let Q be a polynomial of degree r with
Q(0) = 0. Now, we define the operator S as:
(4.0.1) S = eJ+eQ(J−).
The operator S and its matrix elements will be the main objects of our study in the
remainder of this paper. Observe that S is invertible and S−1 = e−Q(J−)e−J+. The
matrix elements of S and S−1 are denoted and defined by
ψnk = 〈β, n|S|n, β〉, φnk = 〈β, n|S
−1|k, β〉.
Note that ψnk and φnk satisfy the following biorthogonality relation
(4.0.2)
∞∑
k=0
ψnkφmk = δnm.
In fact we have
S|n, β〉 =
∞∑
k=0
〈β, k|S|n, β〉|k, β〉
then
S−1S|n, β〉 =
∞∑
k=0
∞∑
r=0
〈β, n|S|n, β〉〈r|S−1|k, β〉|r〉.
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Therefore
〈β,m|S−1S|n, β〉 = 〈β,m|n, β〉 =
∞∑
k=0
〈β, n|S|n, β〉〈β,m|S−1|k, β〉.
4.1. Recurrence relation. In order to establish a recurrence relation satisfied by ψnk,
we consider the expression 〈β, n|J0S|n, β〉.
One hand we have
(4.1.1) 〈β, n|J0S|n, β〉 = (k +
β
2
)〈β, n|S|n, β〉 = (k +
β
2
)ψnk.
On the other hand
(4.1.2) 〈β, n|J0S|n, β〉 = 〈β, n|S(S
−1J0S)|n, β〉.
According to (3.1.2) and (3.1.3), we have
S−1J0S = e
−Q(J−)(e−J+J0e
J+)eQ(J−)
= e−Q(J−)
(
J+ + J0
)
eQ(J−)
= e−Q(J−)J+e
Q(J−) + e−Q(J−)J0e
Q(J−)
= J+ + J0
(
1− 2Q′(J−)
)
+ J−
(
Q′(J−) +Q
′(J−)
2 −Q′′(J−)
)
.
Since deg(Q) = r, then we can write
1− 2Q′(x) =
d∑
i=0
aix
i,
x(Q′(x)2 −Q′(x) +Q′′(x)) =
d∑
i=0
bix
i,
where ai and bi are complex numbers with ai = 0 for r 6 i 6 d, ar−1bd 6= 0.
Therefore (4.1.2) becomes
〈β, n|J0S|n, β〉 = 〈β, n|SJ+|n, β〉+ 〈β, n|SJ0
d∑
i=0
aiJ
i
−|n, β〉+ 〈β, n|S
d∑
i=0
biJ
i
−|n, β〉.
From (3.0.6) and (3.0.8) we obtain
(4.1.3) 〈β, n|J0S|n, β〉 =
√
(n + 1)(n+ β)ψn+1,k +
d∑
i=0
γniψn−i,k,
where
γni =
(
ai(n− i+
β
2
) + bi
)√ n!(β)n
(n− i)!(β)n−i
.
Comparing (4.1.1) with (4.1.3) we arrive at the recurrence relation:
(4.1.4) (k +
β
2
)ψnk =
√
(n + 1)(n+ β)ψn+1,k +
d∑
i=0
γniψn−i,k.
Dividing each member of (4.1.4) by ψ0k we arrive by the help of (2.0.1) at the following
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Proposition 4.1.1. The matrix elements ψnk are expressed as
ψnk = Pn(k)ψ0k
where {Pn(k)}n≥0 is d-OPS in the argument k satisfying the recurrence relation of order
d+ 1
(4.1.5) (k +
β
2
)Pn(k) =
√
(n+ 1)(n+ β)Pn+1(k) +
d∑
i=0
γniPn−i(k),
with initial conditions P0(k) = 1, Pn(k) = 0, for n < 0.
The associated monic polynomials are defined as
(4.1.6) P̂n(k) =
√
n!(β)nPn(k).
4.2. Generating function. Now, we calculate the generating function F (z, k) of the
d-OPS {P̂n(k)}n≥0, which is given by
F (z, k) :=
∞∑
n=0
P̂n(k)
n!(β)n
zn,
by considering the expression of 〈β, n|S|z, β〉.
On one hand we have
(4.2.1) 〈β, n|S|z, β〉 = 〈β, n|S|
∞∑
n=0
zn√
n!(β)n
|n, β〉 =
∞∑
n=0
ψnk√
n!(β)n
zn.
On the other hand
(4.2.2) 〈β, n|S|z, β〉 = 〈β, n|eJ+eQ(J+)|z, β〉.
Taking into account of (3.0.7),(3.0.11),(3.0.14) and with the help of the identity
et 0F1
(
−
β
; zt
)
=
∞∑
m=0
1F1
(
−m
β
;−z
)
tm
m!
,
we obtain successively
〈β, n|S|z, β〉 = eQ(z)〈β, n|eJ+ 0F1
(
−
β
; zJ+
)
|0〉
= eQ(z)
∞∑
m=0
1
m!
1F1
(
−m
β
;−z
)
〈β, n|Jm+ |0〉
= eQ(z)
∞∑
m=0
√
(β)m
m!
1F1
(
−m
β
;−z
)
〈β, n|m, β〉
=
√
(β)k
k!
eQ(z) 1F1
(
−k
β
;−z
)
.
It follows from (4.2.1) that the matrix elements ψnk are generated by
(4.2.3)
∞∑
n=0
ψnk√
n!(β)n
zn =
√
(β)k
k!
eQ(z) 1F1
(
−k
β
;−z
)
.
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It is clear from (4.2.3) and since Q(0) = 0 that
(4.2.4) ψ0k =
√
(β)k
k!
.
Note that the left hand side of (4.2.3) is an analytic function in the variable z, then the
series in (4.2.4) converges in the whole complex space C. Taking into account (4.1.6),
we arrive at the following
Proposition 4.2.1. The d-OPS {P̂n(k)}n≥0 is generated by
(4.2.5)
∞∑
n=0
P̂n(x)
n!(β)n
zn = eQ(z) 1F1
(
−x
β
;−z
)
.
4.3. Link with the Meixner orthogonal polynomials of the first kind. The
Meixner polynomials Mn(x, β, c) of the first kind are generated by (see[9, 17])
(4.3.1)
∞∑
n=0
Mn(x, β, c)
zn
n!
= ez 1F1
(
−x
β
;
1− c
c
z
)
,
where β > 0 and 0 < c < 1. Mn(x; β, c), n = 0, 1, 2, . . . satisfy the orthogonality
relations
(4.3.2)
∞∑
k=0
Mn(k; β, c)Mm(k; β, c)(1− c)
β(β)k
ck
k!
= 0, n 6= m.
It is clear from (4.2.5) and (4.3.1) that when d = 1, Q(z) = c
c−1
z, the polynomials
Mm(k; β, c) and P̂n(k) are related by
P̂n(k) = M̂n(k; β, c) =
cn(β)n
(c− 1)n
Mn(k; β, c),
where M̂n(k) are the monic polynomials associated to Mn(k; β, c).
4.4. Lowering operator. By considering the matrix elements of the operator SJ−, we
have
(4.4.1) 〈β, n|SJ−|n, β〉 =
√
n(n+ β − 1)ψn−1,k.
From (3.1.1) it is easy to see that
SJ−S
−1 = eJ+J−e
−J+
= J− − 2J0 + J+.
Consequently,
〈β, n|SJ−|n, β〉 = 〈β, n|(SJ−S
−1)S|n, β〉 = 〈β, n|J+S|n, β〉+〈β, n|J−S|n, β〉−2〈β, n|J0S|n, β〉.
Then we get
(4.4.2) 〈β, n|SJ−|n, β〉 =
√
(k + 1)(k + β)ψn,k+1−2(k+
β
2
)ψnk+
√
k(k + β − 1)ψn,k−1.
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Comparing (4.4.1) and (4.4.2), then putting
P̂n(x) =
√
n!(β)n(β)k
k!
ψnk,
we obtain
n(n + β − 1)P̂n−1(k) = (k + β)P̂n(k + 1)− (2k + β)P̂n(k) + kP̂n(k − 1)
= kT−∂
2P̂n(k) + β∂P̂n(k),
where
∂f(x) = f(x+ 1)− f(x), T−f(x) = f(x− 1).
So, the lowering operator of P̂n(k) is σ = k∂
2T− + β∂, ie
σP̂n(x) = n(n+ β − 1)P̂n−1(x).
5. d-orthogonal polynomials of Meixner type.
In this section, we are interesting with the determination of the explicit expression of
a linear functional vector (L0,L1, . . . , Ld−1) insuring the d-orthogonality of the polyno-
mial set Mn(x; β, c, d) generated by
(5.0.1)
∞∑
n=0
Mn(x; β, c, d)
zn
n!
= ez+
(−1)r
1−c
zr
1F1
(
−x
β
;−z
)
.
Mn(x; β, c, d) which are reduced when d = 1 to the Meixner polynomials of the first
kind are called d-OPS of Meixner type.
Now, we state our main result.
Theorem 5.0.1. The polynomial set Mn(x; β, c, d) generated by (5.0.1) is d-OPS with
respect to the linear functional vector given by
(5.0.2) Li(f(x)) =
∞∑
k=0
wi k
(β)k
k!
f(k)
where
wi k =
(−1)i(1− c)
β+i
r
rΓ(β)
√
i!(β)i
r−1∑
s=0
(−k)s
s!(β)s
Γ
(
β + i+ s
r
)
×r+2F2r
(
1,∆(r,−k + s), β+s+i
r
∆(r, β + s),∆(r, s+ 1)
;
(1− c)1/r
rr
)
and
∆(r,m) =
(m
r
,
m+ 1
r
, . . . ,
m+ r − 1
r
)
.
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In particular, when r = d = 1 (then s = i = 0), we have with the help of the binomial
theorem
w0k = (1− c)
β
3F2
(
1,−k, β
β, 1
; 1− c
)
= (1− c)β 1F0
(
−k
−
; 1− c
)
= (1− c)β
∞∑
n=0
(−k)n
n!
(1− c)n
= (1− c)βck.
Theorem (5.0.1) is reduced to
L0(f(x)) = (1− c)
β
∞∑
k=0
ck(β)k
k!
f(k).
Hence we recognize the orthogonality of the Meixner polynomials.
In order to prove Theorem (5.0.1), we require some preliminaries developments.
5.1. Recurrence relation of φnk and linear functional vector. We consider the
matrix elements of the operator S−1J0. After similar calculus used in Section 4, we have
on one hand
〈β, n|S−1J0|k, β〉 = (k +
β
2
)φnk.
On the other hand
〈β, n|S−1J0|k, β〉 = 〈β, n|(S
−1J0S)S
−1|n, β〉
= 〈β, n|J+S
−1|n, β〉+ 〈β, n|J0
d∑
i=0
aiJ
i
−S
−1|n, β〉+ 〈β, n|(
d∑
i=0
aiJ
i
−)S
−1|n, β〉.
Therefore we arrive at the recurrence relation
(5.1.1) (k +
β
2
)φnk =
√
n(n + β − 1)φn−1,k +
d∑
i=0
αniφn+i,k
where αni real numbers, αnd 6= 0.
According to (5.1.1) and by the same manner as in [25], we state the following:
Proposition 5.1.1. the coefficients φnk can be expressed as
(5.1.2) φnk =
d−1∑
i=0
φikR
(i)
n (k),
where R
(i)
n (k) are polynomials of argument k.
The degrees of these polynomials depend on n in the following manner:
Assume that n = dj + q where q = 0, . . . , d− 1. Then
degR(i)n = j if i ≤ q,
degR(i)n = j − 1 if i > q.
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The proof of this proposition proceeds by induction on n. Note that, it is sufficient
to apply (5.1.1) for n = d to obtain
φd,k =
1
α0d
(
(k +
β
2
)φ0k −
d−1∑
k=0
α0iφik
)
=
d−1∑
k=0
φikR
(i)
d (k)
where
R
(0)
d (k) =
k + β
2
− α0,0
α0d
, R
(i)
d = −α0i, i = 1, ..., d− 1.
It is clear that j = 1, q = 0, degR
(0)
d = 1, degR
(i)
d = 0.
Now, we consider the linear functional vector (L0,L1,...,Ld−1) defined by
(5.1.3) Li(f(x)) =
∞∑
k=0
ψ0kφikf(k), with i = 1, ..., d− 1.
We then have the following :
Proposition 5.1.2. The d-OPS {Pˆn(x)} satisfies the following vector orthogonality re-
lations.
Li(x
mPˆn(x)) 6= 0, n = md+ i,(5.1.4)
Li(x
mPˆn(x)) = 0, n ≥ md+ i+ 1.(5.1.5)
In fact relations (5.1.4) and (5.1.5) are a direct consequences from (4.0.1) and (5.1.2).
5.2. Explicit expression of φik. Now, we express explicitly the coefficients φik in terms
of hypergeometric functions.
According to (4.2.3), on one hand we have
∞∑
k=0
∞∑
n=0
φikψnk√
n!(β)n
zn = eQ(z)
∞∑
k=0
√
(β)k
k!
φik 1F1
(
−k
β
;−z
)
= eQ(z)
∞∑
k=0
√
k!
(β)k
φikL
β−1
k (−z)
where Lβ−1k (z) are the Laguerre polynomials given by
L
β−1
k (z) =
(β)k
k!
1F1
(
−k
β
; z
)
.
From the biorthogonality relation (4.0.2), on the other hand we have
∞∑
k=0
∞∑
n=0
φikψnk√
n!(β)n
zn =
∞∑
n=0
zn√
n!(β)n
∞∑
k=0
φikψnk
=
zi√
i!(β)i
.
Then, we get
∞∑
k=0
√
k!
(β)k
φikL
β−1
k (−z) =
e−Q(z)zi√
i!(β)i
.
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Also from the orthogonality of Lβ−1k (−z), the coefficients φik are expressed as√
k!
(β)k
φik =
(−1)ik!√
i!(β)iΓ(β + k)
∫ ∞
0
e−t−Q(−t)tβ+i−1L
β−1
k (t)dt.
Using successively the fact that
Q(t) = t +
(−1)r
1− c
tr , L
β−1
k (t) =
(β)k
k!
∞∑
m=0
(−k)m
m!(β)m
tm,
Γ(β + k) = (β)kΓ(β) , x =
tr
1− c
(mr + s)! = s!rmr
r−1∏
j=0
(
s+ j
r
)
m
,
(−k)mr+s = (−k)s!r
mr
r−1∏
j=0
(
−k + s+ j
r
)
m
,
we immediately obtain√
k!
(β)k
φik =
(−1)ik!(β)k√
i!(β)ik!Γ(β + k)
∞∑
m=0
(−k)m
m!(β)m
∫ ∞
0
e
−tr
1−c tβ+m+i−1dt
=
(−1)i
r
√
i!(β)iΓ(β)
∞∑
m=0
(−k)m
m!(β)m
(1− c)
β+m+i
r Γ
(
m+ β + i
r
)
=
(−1)i(1− c)
β+i
r
rΓ(β)
√
i!(β)i
d−1∑
s=0
∞∑
m=0
(−k)mr+s
(β)mr+s(mr + s)!
(1− c)m+
s
rΓ
(
m+
β + i+ s
r
)
=
(−1)i(1− c)
β+i
r
rΓ(β)
√
i!(β)i
r−1∑
s=0
∞∑
m=0
(−k)s
(
β+i+s
r
)
m
Γ
(
β+i+s
r
)∏r−1
j=0
(
−k+s+j
r
)
(1− c)
m
r
s!(β)srmr
∏r−1
j=0
(
β+s+j
r
)
m
∏r−1
j=0
(
s+j+1
r
)
m
,
which according to (4.2.4) becomes
ψ0kφik =
√
(β)k
k!
φik
=
(−1)i(1− c)
β+i
r (β)k
rΓ(β)
√
i!(β)ik!
r−1∑
s=0
(−k)s
s!(β)s
Γ
(
β + i+ s
r
)
×r+2F2r
(
1,∆(r,−k + s), β+s+i
r
∆(r, β + s),∆(r, s+ 1)
;
(1− c)1/r
rr
)
.
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